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On the intersetions of solvable Hall subgroups in nite groups
1
In the paper we onsider the following onjeture: if a nite group G possesses a solvable pi-Hall subgroup
H, then there exist elements x, y, z, t ∈ G suh that the identity H ∩Hx ∩Hy ∩Hz ∩Ht = Opi(G) holds. The
minimal ounter example is shown to be an almost simple group of Lie type.
Keywords: Solvable Hall subgroup, nite simple group, pi-radial
Introdution
The notation in the paper is standard and agree with that of [1℄. In this paper we onsider
nite groups only, so the term group always means nite group. By pi we always denote
a set of primes, by pi′ its omplement in the set of all primes is denoted. If n is a positive
integer, then a set of all prime divisors of n is denoted by pi(n). A number n is alled a
pi-number, if pi(n) ⊆ pi. For a nite group G we set pi(G) := pi(|G|). A group G is alled
a pi-group, if pi(G) ⊆ pi. The maximal normal pi-subgroup of G is denoted by Opi(G). A
subgroup H of G is alled a pi-Hall subgroup, if pi(H) ⊆ pi and pi(|G : H|) ⊆ pi′. The set
of all pi-Hall subgroups of G is denoted by Hallpi(G), the set of all Sylow p-subgroups of G
is denoted by Sylp(G) (learly, Sylp(G) = Hallp(G)). A group G is alled a pi-solvable, if it
possesses a subnormal series {e} = G0 < G1 < G2 < . . . < Gn−1 < Gn = G suh that all its
setion are either pi′-groups, or solvable groups. For a group G and a subgroup S of Sn by
G ≀ S a permutation wreath produt is denoted.
After Ph.Hall [2℄ we say that a group G satises Epi (or briey G ∈ Epi), if G possesses
a pi-Hall subgroup. If G ∈ Epi and all pi-Hall subgroups are onjugate, then we say that
G satises Cpi (G ∈ Cpi). If G ∈ Cpi and every pi-subgroup of G is inluded into a pi-Hall
subgroup of G, then we say that G satises Dpi (G ∈ Dpi).
Let A,B,H be subgroups of G suh that B ✂ A. Then NH(A/B) = NH(A) ∩ NH(B)
is alled a normalizer of A/B. If x ∈ NH(A/B), then x indues an automorphism of A/B,
ating by Ba 7→ Bx−1ax. Thus there exists a homomorphism NH(A/B) → Aut(A/B). The
image of NH(A/B) under this homomorphism is denoted by AutH(A/B) and is alled a
group of indues automorphisms of A/B in H . Note that for given omposition fator A/B
of G the group of indued automorphisms AutG(A/B) depends on the hoie of A and B,
i. e., depends on the hoie of a omposition series. If A ≤ G, then AutG(A) = AutG(A/{e})
by denition.
In this paper we onsider the following
Conjeture 1. Let H be a solvable pi-Hall subgroup of a nite group G. Then there exist
elements x, y, z, t suh that the equality
H ∩Hx ∩Hy ∩Hz ∩H t = Opi(G) (1)
holds
1
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We show that a minimal ounter example to this onjeture is an almost simple group,
and also we show that Conjeture 1 is satised for almost simple groups with simple sole
isomorphi to an alternating or a sporadi group.
Let : G → G/Opi(G) be the natural homomorphism. Using elementary equation
|A · B| = |A|·|B|
|A∩B|
, where A and B are subgroups of G, we obtain (under Conjeture 1) that
for a pi-Hall subgroup H the series of inequalities
|G| > |H ·H
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x
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y
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> . . . >
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holds. Thus an armative answer to Conjeture 1 implies that the inequality |H/Opi(G)| <
|G : H|4 holds.
Note that D.S.Passman in [3℄ proved that a p-solvable group always possesses three Sylow
p-subgroups suh that their intersetion is equal to Op(G). Later V.I.Zenkov proved the same
statement for an arbitrary group (see [4, Corollary C℄). In [5℄ S.Dol proved that if 2 6∈ pi,
then every pi-solvable group G possesses three pi-Hall subgroups suh that their intersetion
is equal to Opi(G). In [6℄ S.Dol proved that every in pi-solvable group G there exist elements
x, y ∈ G suh that the equality H ∩ Hx ∩ Hy = Opi(G) holds (see also [7℄). On the other
hand, the ondition of solvability of H in Conjeture 1 is essential. Indeed, if p is a prime,
then Sp−1 is a p
′
-Hall subgroup of Sp, but the intersetion of every p−2 onjugate subgroups
is not equal to {e}.
Let G be a subgroup of the symmetri group Symn. A partition P1 ⊔ P2 ⊔ . . . ⊔ Pm of
{1, . . . , n} is alled an asymmetri partition for G, if only the identity element of G xes the
partition, i. e., the equality Pjx = Pj for all j = 1, . . . , m implies that x = e. Clearly for every
subgroup G the partition P1 = {1}, P2 = {2}, . . . , Pn = {n} is always asymmetri. In [8,
Theorem 1.2℄ is proven that for G solvable there exists an asymmetri partition with m 6 5.
1 Preliminary results
The following statements are known.
Lemma 1. Let A be a normal subgroup of G. Then the following statements hold:
(a) for H a pi-Hall subgroups of G we have that HA/A and H ∩A are pi-Hall subgroups of
G/A and A respetively;
(b) if A ∈ Cpi and G/A ∈ Epi (resp. G/A ∈ Cpi), then G ∈ Epi (resp. G ∈ Cpi);
() if there exists a subnormal series of G suh that all its fators are either pi- or pi′-
groups, then G ∈ Dpi.
(d) if G/A is a pi-group and H ∈ Hallpi(A), then a pi-Hall subgroup H of G with H∩A = H
exists if and only if G ating by onjugation leaves the set {Ha | a ∈ A} invariant.
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Let S be a non-Abelian nite simple group and G is suh that there exists a normal
subgroup T = S1 × . . .× Sn of G satisfying the following onditions
(a) S1 ≃ . . . ≃ Sn ≃ S;
(b) the ation of G on {S1, . . . , Sn} by onjugation is transitive;
() CG(S1, . . . , Sn) = {e}.
Subgroups NG(S1), . . . , NG(Sn) are onjugate, sine the ation of G is transitive. Let
ρ : G→ Symn be the permutation representation of G on the right osets of NG(S1). Sine
the ation by right multipliation of G on the right osets of NG(S1) oinside with the ation
by onjugation of G on the set {S1, . . . , Sn} we obtain that Gρ is a transitive subgroup of
Symn. By [9, Hauptsatz 1.4, p. 413℄ there exists a monomorphism
ϕ : G→ (NG(S1)× . . .×NG(Sn)) : (Gρ) = NG(S1) ≀ (Gρ) = L.
Consider the natural homomorphism
ψ : L→ L/(CG(S1)× . . .× CG(Sn)).
Denoting the subgroup AutG(Si) = NG(Si)/CG(Si) by Ai we obtain that
ϕ ◦ ψ : G→ (A1 × . . .× An) : (Gρ)
is a homomorphi inlusion of G into (A1 × . . .× An) : (Gρ) ≃ A1 ≀ (Gρ) =: G. The kernel
of the homomorphism is equal to CG(S1, . . . , Sn) = {e}, i. e., ϕ ◦ ψ is a monomorphism and
we identify G with the subgroup G(ϕ ◦ ψ) of G.
Lemma 2. In the above notation assume that there exists a pi-Hall subgroup H of G and
G = (S1 × . . .× Sn)H. Then there exists a pi-Hall subgroup H of G suh that H ∩G = H.
P r o o f. The fator group G/(S1× . . .×Sn) is a pi-group. By onstrution AutG(S1) =
AutG(S1) and AutG(Si) = AutG(Si) ≃ AutG(S1) for all i. By Lemma 1(d) a pi-Hall subgroup
M of S1 × . . . × Sk is inluded into a pi-Hall subgroup of G (resp. of G) if and only if the
set {Ms | s ∈ S1 × . . . × Sk} is invariant under the ation by onjugation of G (resp. of
G). In order to omplete the proof it is enough to show that for H a pi-Hall subgroup of G
and M = H ∩ (S1 × . . . × Sn) the lass {M
s | s ∈ S1 × . . . × Sn} is G-invariant. Indeed,
in this ase there exists a pi-Hall subgroup H of G with H ∩ (S1 × . . . × Sn) = M . Hene
H,H ≤ NG(M). Sine G/(S1×. . .×Sn) is a pi-group Lemma 1() implies that NG(M) ∈ Dpi,
so H is onjugate to a subgroup of H . The fat that {Ms | s ∈ S1× . . .×Sn} is G-invariant
follows easily from the onstrution of G and inlusion of G into G, and also from the fat
that {Ms | s ∈ S1 × . . .× Sn} is G-invariant by Lemma 1(d). Indeed, every element from G
an be written as (a1, . . . , an)g, where ai ∈ Ai and g ∈ G. Sine {M
s | s ∈ S1 × . . .× Sn} is
G-invariant, we may assume that g = e. More over, for every i the lass {(M ∩Si)
x | x ∈ Si}
is Ai-invariant by onstrution, an the lemma follows.
Lemma 3. [10℄ Let A be an Abelian subgroup of a nite group G. Then there exists x ∈ G
suh that A ∩ Ax ≤ F (G).
Corollary 1. Let G = P : R, where P is a normal Sylow p-subgroup of G and R is an Abelian
p′-Hall subgroup of G with CR(P ) = {e}. Then there exists x ∈ P suh that R ∩R
x = {e}.
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2 Redution to an almost simple group
For indutive arguments we need to dene an additional ondition (Orb) to Conjeture 1,
whih also need a veriation. It is lear that for h ∈ H and four-tuple (Hx, Hy, Hz, H t)
satisfying (1), the four-tuple (Hxh, Hyh, Hzh, H th) also satises (1). Thus H ats by onju-
gation on the set of four-tuples (Hx, Hy, Hz, H t) satisfying (1). Condition (Orb) states that
there exists at least ve orbits under this ation of H .
Let G be a nite group and subgroups A,B of G are hosen so that A/B is a non-
Abelian omposition fator of G. The group G is said to satisfy ondition (CI)pi, if for every
omposition fator A/B (and for every hoie of A,B) Conjeture 1 and ondition (Orb)
are satised for AutG(A/B).
Theorem 1. Let H be a solvable pi-Hall subgroup of G, and G satises (CI)pi. Then there
exist x, y, z, t ∈ G suh that (1) holds. Moreover, if G is insolvable, then it satises (Orb).
P r o o f. Let G be a ounter example to the statement of the theorem of minimal order.
By [6℄ (see also [7℄) G is insolvable. Let S(G) be a solvable radial of G. Note that solvability
of H implies that Opi(G) is also solvable, so Opi(G) ≤ S(G).
Assume that S(G) is nontrivial. By Lemma 1(a), H1 = H ∩ S(G) is a pi-Hall subgroup
of S(G) and |S(G)| < |G|. Hene S(G) satises to the statement of the theorem. More over,
denoting G/S(G) by G we obtain that G also satises to the statement of the theorem, and
Opi(G) = {e}. The Frattini argument (sine S(G) is solvable, all its pi-Hall subgroups are
onjugate) implies that the equality G = NG(H1)S(G) holds. Choose elements x1, y1, z1, t1 ∈
S(G) so that the equality
H1 ∩H
x1
1 ∩H
y1
1 ∩H
z1
1 ∩H
t1
1 = Opi(S(G)) = Opi(G)
is true. Elements x2, y2, z2, t2 ∈ G we hoose so that the equality
H ∩H
x¯2
∩H
y¯2
∩H
z¯2
∩H
t¯2
= {e¯} (2)
is true. Now hoose a pi-Hall subgroup H in NG(H1), in NG(H
x1
1 ) we hoose a pi-Hall
subgroup Hx so that its image in G oinides with H
x¯2
and so on; in NG(H
t1
1 ) we hoose
a pi-Hall subgroup H t so that its image in G oinides with H
t¯2
(suh subgroups exist by
Lemma 1(d)).
We show that D = H ∩Hx ∩Hy ∩Hz ∩H t = Opi(G). We have
D ∩ S(G) = H ∩Hx ∩Hy ∩Hz ∩H t ∩ S(G) =
(H ∩ S(G)) ∩ (Hx ∩ S(G)) ∩ (Hy ∩ S(G)) ∩ (Hz ∩ S(G)) ∩ (H t ∩ S(G)) =
H1 ∩H
x1
1 ∩H
y1
1 ∩H
z1
1 ∩H
t1
1 = Opi(G),
i. e. D ∩ S(G) = Opi(G). More over
D = H ∩H
x¯2
∩H
y¯2
∩H
z¯2
∩H
t¯2
= {e¯},
so D = Opi(G). Sine G is insolvable, the fator group G is insolvable as well. By indution,
there exist at least ve four-tuples (H
x¯2
, H
y¯2
, H
z¯2
, H
t¯2
), satisfying (2), under ation by on-
jugation of H . Therefore there exists at least ve four-tuples (Hx, Hy, Hz, H t) satisfying (1).
A ontradition with the fat, that G is a minimal ounter example. Hene S(G) = {e}.
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Consider G1 = F
∗(G)H . Then CG(F
∗(G)) ≤ F ∗(G), and, sine S(G) = {e}, we have
that F (G) = {e} and F ∗(G) = E(G) = S1×. . .×Sk, where S1, . . . , Sk are non-Abelian simple
groups. Therefore H ats by onjugation faithfully on E(G). If G 6= G1, then G1 satises to
the statement of the theorem by indution. Hene G also satises to the statements of the
theorem, i. e., G is not a minimal ounter example. So G = G1 = E(G)H . Sine S1, . . . , Sk
are simple we obtain that G ating by onjugation permutes elements of {S1, . . . , Sk}.
Assume that G or, equivalently H ats intransitively on the set {S1, . . . , Sk}. Sine
E(G) = S1 × . . . × Sk we have that E1 = 〈S
H
1 〉 6= E(G) is a normal subgroup of G. So
E(G) = E1 × E2, where E1 and E2 are H-invariant subgroups. Therefore there exists a
homomorphism G → G/(CG(E1)) × G/(CG(E2)) suh that it image is a subdiret produt
of G/(CG(E1)) and G/(CG(E2)), while the kernel is CG(E1) ∩ CG(E2) = CG(E(G)) = {e}.
Denote the projetions of G onto G/(CG(E1)) and G/(CG(E2)) by pi1 and pi2 respetively.
Sine G = E(G)H and E1 ≤ Ker(pi2), E2 ≤ Ker(pi1) we obtain the following equalities
Gpi1 = E1(Hpi1) and Gpi2 = E2(Hpi2) (we identify Eipii and Ei, sine Eipii ≃ Ei). By
indution there exist xi, yi, zi, ti ∈ Ei(Hpii) suh that
(Hpii) ∩ (Hpii)
xi ∩ (Hpii)
yi ∩ (Hpii)
zi ∩ (Hpii)
ti = {e}. (3)
Sine Gpii = Ei(Hpii) we may assume that elements xi, yi, zi, ti are in Ei. Consider x =
x1x2, y = y1y2, z = z1z2, t = t1t2. Sine (3) is true for all i it follows that for el-
ements x, y, z, t equality (1) is true. Sine there exist at least ve orbits of four-tuples
((Hpi1)
x1 , (Hpi1)
y1, (Hpi1)
z1, (Hpi1)
t1) under the ation of Hpi1 we obtain that there exist at
least ve four-tuples (Hx, Hy, Hz, H t) under the ation of H . Thus G satises to the state-
ments of the theorem, i. e., G is not a ounter example.
Thus H ats transitively on {S1, . . . , Sk} and, in view of ondition (CI)pi, we may assume
that k > 1. By Lemma 2 we also may assume that G = (A1 × . . .×Ak) : L = A1 ≀ L, where
Si ≤ Ai ≤ Aut(Si) and L is the image of G or, that is the same, of H in Symk (in partiular
L is a solvable pi-group). Denote H∩Ai by Hi. By Lemma 1 the subgroup Hi is a solvable pi-
Hall subgroup of Ai. In view of ondition (CI)pi, there exist at least ve orbits of four-tuples
(Hx11 , H
y1, Hz1, H t1), satisfying the equality
H1 ∩H
x1
1 ∩H
y1
1 ∩H
z1
1 ∩H
t1
1 = {e},
under the ation of H1 Set (H
x1,j
1 , H
y1,j
1 , H
z1,j
1 , H
t1,j
1 ) to be a representative of the j-th orbit
(j = 1, 2, 3, 4, 5). Let h ∈ H and Sh1 = Si (hene, H
h
1 = Hi). Consider
(H
x1,j
1 , H
y1,j
1 , H
z1,j
1 , H
t1,j
1 ) and (H
x1,l
1 , H
y1,l
1 , H
z1,l
1 , H
t1,l
1 )
, representatives of distint orbits of four-tuples under the ation of H1. It is lear that
((H
x1,j
1 )
h, (H
y1,j
1 )
h, (H
z1,j
1 )
h, (H
t1,j
1 )
h) and ((H
x1,l
1 )
h, (H
y1,l
1 )
h, (H
z1,l
1 )
h, (H
t1,l
1 )
h)
are also representatives of distint orbits of four-tuples under the ation of Hi. More over,
the set of four-tuples
{((H
x1,j
1 )
h ∩ Si, (H
y1,j
1 )
h ∩ Si, (H
z1,j
1 )
h ∩ Si, (H
t1,j
1 )
h ∩ Si) | h ∈ H}
is in the same orbit under the ation of Hi. Note that the subgroup H1,j1 × . . .×Hk,jk is a
pi-Hall subgroup of S1× . . .× Sk (see Lemma 1(a)) and is ontained in a pi-Hall subgroup of
G for every hoie of ji-s from {1, 2, 3, 4, 5} (see Lemma 1(d)).
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By [8, Theorem 1.2℄ there exists an asymmetri partition P1⊔P2⊔P3⊔P4⊔P5 ìíîæåñòâà
{1, . . . , k} (some of these sets may be empty) suh that only identity element of L (≃
G/(S1 × . . .× Sk)) stabilizes this partition. Set j(i) = m, if i ∈ Pm and onsider subgroups
M1 = H1 × . . .×Hk,M2 = H
x1,j(1)
1 × . . .×H
xk,j(k)
k ,M3 = H
y1,j(1)
1 × . . .×H
yk,j(k)
k ,
M4 = H
z1,j(1)
1 × . . .×H
zk,j(k)
k ,M5 = H
t1,j(1)
1 × . . .×H
tk,j(k)
k .
By onstrution there exist elements x, y, z, t ∈ S1 × . . . × Sk suh that M2 = M
x
1 ,M3 =
My1 ,M4 = M
z
1 ,M5 = M
t
1. We show that H ∩ H
x ∩ Hy ∩ Hz ∩ H t = {e}. Note that by
onstrution H∩ (S1× . . .×Sk) =M1, H
x∩ (S1× . . .×Sk) =M2, H
y∩ (S1× . . .×Sk) =M3,
Hz∩(S1× . . .×Sk) =M4, H
t∩(S1× . . .×Sk) =M5, so if h ∈ H∩H
x∩Hy∩Hz∩H t, then h
normalizes subgroups M1,M2,M3,M4,M5. Assume that S
h
i = Sh(i), then H
h
i = Hh(i), while
tuples
((H
xi,j(i)
i )
h, (H
yi,j(i)
i )
h, (H
zi,j(i)
i )
h, (H
ti,j(i)
i )
h), (H
xh(i),j(h(i))
h(i) , H
yh(i),j(h(i))
h(i) , H
zh(i),j(h(i))
h(i) , H
th(i),j(h(i))
h(i) )
are in the same Hh(i)-orbit. Hene j(i) and j(h(i)) are in the same set Pj for j = 1, 2, 3, 4, 5.
Therefore h stabilizes the partition P1 ⊔ P2 ⊔ P3 ⊔ P4 ⊔ P5 of {1, . . . , k}, so its image in L
equals e. Hene h ∈M1 ∩M2 ∩M3 ∩M4 ∩M5 = {e}.
Chousing M2,M3,M4,M5 to be equal to H
x1,j(1)+1
1 × . . . × H
xk,j(k)+1
k , H
y1,j(1)+1
1 × . . . ×
H
yk,j(k)+1
k , H
z1,j(1)+1
1 × . . .×H
zk,j(k)+1
k , H
t1,j(1)+1
1 × . . .×H
tk,j(k)+1
k ,. . . , H
x1,j(1)+4
1 × . . .×H
xk,j(k)+4
k ,
H
y1,j(1)+4
1 × . . .×H
yk,j(k)+4
k , H
z1,j(1)+4
1 × . . .×H
zk,j(k)+4
k , H
t1,j(1)+4
1 × . . .×H
tk,j(k)+4
k we obtain at
least ve orbits of four-tuples, satisfying (1), under the ation of H .
3 Intersetion of solvable Hall subgroups in almost sim-
ple groups
In this setion we prove that a nite almost simple group, with simple sole isomorphi to
either an alternating or a sporadi group, satises (CI)pi.
Theorem 2. Let H be a solvable pi-Hall subgroup of an almost simple group G. Assume
also that the sole F ∗(G) is isomorphi to either an alternating group, or a sporadi group.
Then there exist x, y, z, t ∈ G suh that equality (1) holds. More over, G satises (Orb).
P r o o f. We show rst that if G possesses elements x, y, z suh that H∩Hx∩Hy∩Hz =
{e}, then there exists at least ve orbits of four-tuples (Hx, Hy, Hz, H t), satisfying (1), under
the ation by onjugation of H . Indeed, if H ∩Hx ∩Hy ∩Hz = {e}, then four-tuples
(H,Hx, Hy, Hz), (Hx, H,Hy, Hz), (Hx, Hy, H,Hz), (Hx, Hy, Hz, H), (Hx, Hx, Hy, Hz)
are in distint H-orbits.
Now we proeed by investigating distint almost simple groups. For given almost simple
group we try to nd elements x, y, z, with H ∩Hx∩Hy ∩Hz = {e} rst (as we noted above,
in this ase the ondition on the number of H-orbits is satised automatially), and only if
suh elements do not exist, we nd four elements x, y, z, t and prove that there exist at least
ve H-orbits. Set S = F ∗(G) to be a simple sole of G.
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(I) S ≃ Altn, n > 5. By [11, Theorem 4.3℄ and Lemma 1(d) it follows that every pi-Hall
subgroup of S is ontained in a pi-Hall subgroup of Aut(S). Hene [2, Theorem À4℄ implies
that either |pi∩pi(S)| = 1 and H is a Sylow subgroup of S (hene of G), or n = 5, 7 or 8 and
pi ∩ pi(S) = {2, 3}. If H is a Sylow subgroup, then by [4, Corollary C℄ it follows that there
exist x, y ∈ G suh that H ∩ Hx ∩ Hy = {e}. So assume that H is a {2, 3}-Hall subgroup
of G and n = 5, 7 or 8. In this ase Aut(Altn) = Symn and, sine G = HS, we need to
prove the statement of the theorem for the ase G = Aut(S) = Symn. Consider all three
possibilities for n.
If G = Sym5, then H = Sym4 is a point stabilizer in the natural permutation represen-
tation. Sine the intersetion of every four point stabilizers is trivial and point stabilizers of
a transitive group are onjugate, there exist x, y, z ∈ G suh that H ∩Hx ∩Hy ∩Hz = {e}.
If G = Sym7, then H = Sym3× Sym4. Up to onjugation in G, sets {1, 2, 3} and
{4, 5, 6, 7} areH-orbits. Diret alulations show that for x = (2, 4)(3, 5) and y = (1, 2, 4)(3, 6, 5)
the equality H ∩Hx ∩Hy = {e} holds.
If G = Sym8, then H = Sym4 ≀ Sym2. Up to onjugation in G we may assume that H is
generated by (1, 2, 3, 4), (1, 2), (1, 5)(2, 6)(3, 7)(4, 8). In this ase there do not exist elements
x, y, z ∈ G suh that H ∩Hx ∩Hy ∩Hz = {e}. Indeed, the ation by right multipliation of
G on the set of right osets G : H gives an embedding of G into Sym35 (and the image of G
under this embedding is primitive). By using [12℄ it is easy to hek that on the set (G : H)4
under this ation there exist 152 orbits, of order at most 20160 = |G|/2, i. e., the stabilizer
of every four points is nontrivial. This means that the intersetion of every four onjugate
with H subgroups (by onstrution H is a point stabilizer) is nontrivial.
For elements x = (4, 5), y = (3, 5)(4, 6), z = (4, 7, 6, 5), t = (2, 3, 4, 5) the equality
H ∩Hx ∩Hy ∩Hz ∩H t = {e} holds. We estimate the number of orbits of H on the set X
of four-tuples
X := {(Hx, Hy, Hz, H t) | H ∩Hx ∩Hy ∩Hz ∩H t = {e}}.
Sine the equalityNG(H) = H holds, an element g ∈ G leaves the four-tuple (H
x, Hy, Hz, H t)
invariant if and only if g ∈ Hx ∩ Hy ∩ Hz ∩H t. Thus the ation of H on X is regular, so
the size of every H-orbit is equal to |H| = 1152. The intersetion Hx ∩ Hy ∩ Hz ∩ H t is
a yli group of order 2, whih is generated by a = (1, 8)(2, 4)(3, 6)(5, 7). The equality
H ∩ (Hx)g ∩ (Hy)g ∩ (Hz)g ∩ (H t)g = {e} is true if and only if ag 6∈ H . More over, the
equality NG(H) = H implies that four-tuples
((Hx)g1, (Hy)g1, (Hz)g1, (H t)g1), ((Hx)g2, (Hy)g2, (Hz)g2, (H t)g2)
oinside if and only if g1g
−1
2 ∈ 〈a〉. Diret alulations (or by using [12℄) it is easy to hek
that G \ H ontains 72 onjugate with a elements. Further more CG(a) ≃ 2 ≀ Sym4 and
|CG(a)| = 384. So the ardinality of X is equal to 72 ∗ 192 = 13824. Therefore H has at
least 13824/1152 = 12 orbits on X .
(II) Assume that S is either a sporadi group or the Tits group. If H is a Sylow subgroup
of G then by [4, Corollary C℄ it follows that there exist x, y ∈ G suh that H∩Hx∩Hy = {e}.
So we may assume that the order of H is divisible by at least two primes.
Assume rst that the order of H is divisible by preisely two primes r, p and H =
R : P , where R ∈ Sylr(H), P ∈ Sylp(H) and Op(H) = {e}. Assume also that either r
is odd or S = Aut(S). Sine for every sporadi group and Tits group the group of its
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outer automorphisms is a 2-group, then R ≤ S under our assumption. By [13℄ there exists
x ∈ S suh that R ∩ Rx = {e}. Hene, up to onjugation in H we may assume that
H ∩ Hx ≤ P . By [3℄ it follows that there exist y, z ∈ R suh that P ∩ P y ∩ P z = {e}. So
(H ∩Hx) ∩ (H ∩Hx)y ∩ (H ∩Hx)z = H ∩Hx ∩Hxy ∩Hxz = {e}.
If the order of H is divisible by two primes r, p only and H = R×P , where R ∈ Sylr(H),
P ∈ Sylp(H), then one of these primes, say r, is odd and again R ≤ S. By [13℄ there exists
an element x ∈ S suh that R∩Rx = {e}. More over, by [4, Corollary C℄ there exist y, z ∈ G
suh that P ∩ P y ∩ P z = {e}. Hene H ∩Hx ∩Hy ∩Hz = {e}.
By [14, Theorem 6.14 and Table III℄ and [15, Theorem 4.1℄ it follows that a pi-Hall
subgroup H of a sporadi group S suh that the order of H is divisible by at least two
primes and the struture of H is not overed by ases onsidered above exists only if either
S ≃ M23, H ≃ 2
4 : (3× Alt4) : 2 ≃ (2
4 : 22) : 32 : 2, or S ≃ J1, H ≃ 2
3 : 7 : 3. In both ases
we have S = Aut(S) = G.
Assume rst that S ≃M23, H ≃ (2
4 : 22) : 32 : 2 = R : P : Q. By [13℄ there exists x ∈ G
suh that R ∩ Rx = {e}, therefore we may assume that H ∩ Hx ≤ P : Q. By Corollary 1
there exists y ∈ R suh that (H ∩Hx)∩ (H ∩Hx)y = H ∩Hx∩Hxy and |H ∩Hx∩Hxy| 6 2.
Again by using Corollary 1, we nd an element z ∈ H ∩Hx with
(H ∩Hx ∩Hxy) ∩ (H ∩Hx ∩Hxy)z = H ∩Hx ∩Hxy ∩Hxyz = {e}.
Assume, that S ≃ J1 ≃ G, H ≃ 2
3 : (7 : 3) = R : P , where R = 23 = O2(H) ∈ Syl2(H)
and P ∈ Hall{3,7}(H), moreover O{3,7}(H) = {e}. By [13℄ it follows that there exists x ∈ S
suh that R ∩Rx = {e}, so, up to onjugation in H , we may assume that H ∩Hx ≤ P . By
[5℄ there exist y, z ∈ R suh that P ∩P y ∩P z = {e}. Hene H ∩Hx ∩Hxy ∩Hxz = {e}.
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